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THE INITIAL TRACE OF A SOLUTION
OF THE POROUS MEDIUM EQUATION!
BY
D. G. ARONSON AND L. A. CAFFARELLI

ABSTRACT. Let u = u(x, 1) be a continuous weak solution of the porous medium
equation in RY X (0, T for some T > 0. We show that corresponding to u there is a
unique nonnegative Borel measure p on R? which is the initial trace of u. Moreover,
we show that the initial trace p must belong to a certain growth class. Roughly
speaking, this growth restriction shows that there are no solutions of the porous
medium equation whose pressure grows, on average, more rapidly then |x[* as
| x|— 0.

Introduction. Let u = u(x, t) be a nonnegative solution of the equation of heat
conduction

(1) du/0t = Au

in S = RY X (0, T] for some T > 0. A consequence of the Widder representation
theorem is the existence of a unique nonnegative Borel measure p such that

2) lim [ u(x, )o(x) dx = [ p(x)p(dx)

for all test functions ¢ € C,(R?) [1]. That is, every nonnegative solution u of (1) has
a unique Borel measure p as initial trace in the sense of (2). The measure p is o-finite
and satisfies the growth condition

() [/ b(dg) < +oo.
Rd

In this paper we establish the existence of a unique initial trace p for each
continuous nonnegative weak solution of the porous medium equation

(4) du/dt = A(u™)
in S;. Here m > 1 is a constant. In addition, we show that the initial trace p must
satisfy a growth condition analogous to (3) which limits the amount of mass which p

can place at | x|= + oo. Specifically, there exists a constant C > 0 depending only
on d and m such that

(5) [ elax) < c{r/mmdT /Y 4 pé/22(0, T))
(x: bi<r)
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where
k=d(m—1)+2.

Roughly speaking, (5) means that, on average, u(x,0) cannot grow faster than
|x /=D as|x|— oo.

If u = u(x, t) is a solution of (4) with u(x,0) € L'(R?) and if u decays sufficiently
rapidly as | x|— oo, then it is easy to show that |lu(-, ¢)|| g, is constant, that is,
mass is conserved. Here we are concerned with solutions whose initial traces are not
necessarily integrable and which may even grow as |x|— oo. In this context the
conservation of mass is replaced by a Harnack-type inequality which gives a sharp
estimate for the mass in a ball of radius  at time ¢ in terms of the density at the
center of the ball at a later time (Theorer 3.1). From this result we deduce our main
results on existence and growth of the initial trace (Theorem 4.1). An additional
argument is needed to establish the uniqueness of the trace and this is given in §4.
§81 and 2 are devoted to preliminary matters. In §1 we derive some comparison
principles and in §2 we show that solutions of (4) whose initial values have compact
support behave almost radially. In [8] Maura Ughi extends our results to equations
of the form du/dt = Ap(u) under suitable hypotheses on ¢.

Let p be a nonnegative Borel measure which satisfies (3) for some 7' > 0 and let

g(x, t) = (4mt) et /4,

It is known [1] that the function

ulx, 1) =[ g(x =& 0)(d8)

is a nonnegative solution of (1) in S, whose initial trace is p. Recently Bénilan,
Crandall and Pierre [4] have constructed solutions of the porous medium equation
(4) whose initial traces are measures which satisfy (5). This extends some earlier
work by Kalashnikov [7] for measures with smooth densities on R. Moreover, it
shows that the condition (5) is not only necessary but also sufficient for existence of
solutions of (4). Even more recently Dahlberg and Kenig [9] have proved uniqueness
for the solutions constructed in [4].

1. Comparison principles. Throughout this paper we will be dealing with continu-
ous weak solutions of the porous medium equation

(1.1) du/dt = A(u™)

in S, =R¥X (0, T] for some T > 0. We always assume that m > 1. Specifically, a
function u = u(x, t) is said to be a continuous weak solution of (1.1) in S; if u is
nonnegative and continuous in S; and satisfies the integral identity

(1.2) fj;dx(fl‘h)(u'"Aw + u%—?) dx dt =fRdu¢;o 2 dx —/Rdu

for all 7, such that 0 <7, <7, <T and all ¢ € C*!(S7) such that (-, ) has
compact support for allt € [1), 7,].

dx

t=m,

=T
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Among the main tools which we employ in this work are various comparison
principles for weak solutions of (1.1). Usually such comparison principles are
obtained as byproducts of the existence and uniqueness theory. However, sometimes
one can obtain a comparison principle directly. This can be done, for example, in the
case of weak solutions of certain boundary value problems. We formulate the
appropriate notions below and then show that continuous weak solutions of (1.1) in
S can also be interpreted as weak solutions of boundary value problems.

For arbitrary £ € R%, r € R* ,and 7, such that 0 < 7, <1, < T, let

(1.3) I =B/(¢) X (r,1],

where B(¢) = {x € R |x — ¢|< r}. The parabolic boundary, d,I, of I is defined
by

8,T =T\T.

Let g € C(3,T') be a given nonnegative function and consider the boundary value
problem

(1.4) dv/dr=A(v™) inl, ov=g ond,T.

A function v = v(x,t) is said to be a weak solution of problem (1.4) in T if
v € C([7,, »,]: L'(B,)) N L™(T'), v = 0, and v satisfies the integral identity

(1.5) /jll(v'"A(p + v?al;) dx dt

:/TTZLB,g"'g—fdsdz +/Bucp

n

dx—fgqv

1=1, B,

for all p € C'"(T') N C>(T') with ¢ =0 on 3B, X [1,, 7,]. In (1.5), 3/d» denotes
the exterior normal derivative on 9B,.

There is an a priori comparison principle for solutions of (1.4). This is the content
of the next result, which is simply a restatement of Theorem 12 of [3].

PROPOSITION 1.1 (LocAL COMPARISON PRINCIPLE). For i = 1 and 2, let v, denote a
solution of (1.4) with boundary values g,. If g, < g, on 9,I, then v, < v, in T.

Proposition 1.1 is proved in [3] for x € R, but there is no difficulty in extending
the proof for x € R?%. A proof for x € R is also given in [9]. The local comparison
principle, Proposition 1.1, can be applied to continuous weak solutions of (1.1) since,
as we show next, every such solution is also a solution of (1.4) with boundary values
g=u|d,I.

PROPOSITION 1.2. Let u be a continuous weak solution of (1.1) is Sy for some T > 0.
For any cylinder T of the form (1.3), u is'a weak solution of (1.4) in T with boundary
values g = u|d,T.

Proor. It suffices to show that the weak soluiions of (1.1) satisfy (1.5). Fix ¢ € R¢,
rER",0<t, <m7,<T,andlet g be a C'%T) N C*(T) function with ¢ = 0 on
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0B, X [1, 7,]. For each ¢ € (0, r) and n € [0, ¢) let ¥, denote the C(R?) function
which satisfies §,,(x) = ¥, (| x ) with

R H
and
Ay, =|x[“" (IxF7'¥, ) =0 inB_\B,_,.
One can compute Vy,, explicitly, and it turns out that

—d o
{—le.ﬂ x forx €B_\B,_,,

vy, (x) = _
Ver( ) forx €B,_, U (RI\B,_,),

where, for d > 2,
_(d=2)(r=n)"(r—e)"
R L et
As a distribution on R?, Ay,, is a signed measure. Specifically,
(A4,)(dx) = W, {8, (d|x]) = §,_(d|x])} d,

where dw denotes the surface element on the unit ball in R and 8,(d| x |) denotes the
Dirac measure concentrated at | x |= A. Similar expressions can be derived for d = 1
and 2. Let k (x) be a C* symmetric averaging kernel with support in B (0) and
define

¥ (x) = [ Je(x = Oal8) dt.
Then
8u(x) = [ Je(x = )(84,,)(d8).

In particular, if y is sufficiently small then Ay;? is supported by two disjoint annular
regions: one containing dB,_, and the other containing 9B,_,. The function gy;! is
an admissible test function in (1.2). Therefore, we have

(1.6)

m g _
ffndxu,,fz)[u o) + s, Y }dth_fRd“‘p n

Since u™ is continuous we can let ¥ |0 in (1.6) to obtain

ffr(u'"tpwmp + u\pw%—?) dx dt + 2/7:2(1['/;3,_,,\5_ u" vy, - Vo dx
+ Wen‘/:zdt{/a&_qu'"(p dw — /aBr_tu"Rp dw}

= fB b /B P

dx.

=1

dx — / upy
- R/

1=

t=r1 t=m
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Now let 5 | 0. Because ¢ = 0 on 9B, X [7,, 1,] it follows that

f'/;‘(u’" 0de + uy,, )dxdt+1 +J,

(1.7)
:/ uq)‘PEO dx _f u‘P’leso dX,
B, =7, B, =7
where
72
I.=2 dt u" Vi Vo dx
€ / j;\E,~€ ‘PO P
and
J = —VVeoszdt u"pdw.
Ty 9B, _,
If we introduce spherical coordinates on R? then
aqv
I, =-2W,| dt ( m dw) dp.
f / '/w X=p
Observe that
(1.8) limeW,, = ri=".
el0
Therefore
— _ d 1 m q)
l:lr{)ll f dtf
On the other hand, since ¢ = 0 for | x|= r we can write
J = Wg()f dtf u™ - <p|M=, - q)llxl:,_g} do.
In view of (1.8) and the continuity of u™ it follows that
Ty a(P
— d 1 m_ ¥
ltl?gJ ff. dtfwu 3 IMzrdw.
Thus if we let £ |0 in (1.7) we obtain
m a_q) ) _ ™2 ma_(p d—1
f/r(u A(p+uat dx dt j;dtj;u ™ Pd_r dw
=/ uep dx —/ up| dx,
B |i=r, B, |i=n,

which is equivalent to (1.5) with g = u| 6;,I‘.

Let u be a continuous weak solution of (1.1) in S; and let { be a fixed C°(R?)
function which takes its values in [0, 1]. Fix 7 € (0, T') and consider the initial value
problem

(1.9)  9wsar=A(w™) inR*X (r,T], w(-,7)=¢tu(-,r) inR%
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A weak solution of (1.9) is a nonnegative function w = w(x, ) which satisfies the
integral identity

E)(p)
1.1 " -+ = _
(1.10) /'/;z"xu_r)(w Ap + w 3 dx dt de¢ t:de /Rd{u(p

for all ¢ € C*'(R? X [, T]) such that ¢@(-,¢) has compact support for each
te[r,T)

For each cut-off function { and each + € (0, T'), (1.9) has a unique weak solution
w- which has compact support as a function of x for all ¢t € [, T]. To prove this
assertion let R = inf{r € R : supp{ C B,(0)} and set I, = B(0) X (, T]. By The-
orem 13 of [3]? for each r > R the boundary value problem

dx

=T

(1.11) dv/dr=A(v") inT,, ov=¢u ond,T,

has a unique weak solution v,(x, ¢). If w is a weak solution of (1.9) with compact
support, then w|I, = v, for all sufficiently large r. Consequently, w is unique. To
prove existence we observe that there exists an R* € R* such that

(1.12) suppv, C T,

for all r > R*. This follows from Proposition 1.1 by comparing v, with an ap-
propriately scaled Barenblatt solution (cf. §3 below). Define

w =

), =

v, for|x|<r,
0 for|x|>r.

Then, in view of (1.12), there exists a function w(x, t) such that w = w, for all
r > R*. It is easy to verify that w satisfies (1.10) and is therefore a weak solution of
(1.9). We will call w the compact weak solution of (1.9). More generally we will call
any weak solution of (1.1) in S a compact weak solution if it has compact support
as a function of x for all r € (0, T').

PrROPOSITION 1.3 (GLOBAL COMPARISON PRINCIPLE). Let u be a continuous weak
solution of (1.1) in Sy for some T > 0. For each fixed C{(R?) function { with values
[0,1] and each 7 € (0, T'), let w denote the weak solution of the corresponding (1.9).
Then u=w in R X [1,T].

PROOF. According to Proposition 1.2, u is a weak solution of (1.4) in I, with
boundary values g = u|3,T,. Since u|3,I}, = {u|3,I,, it follows from Proposition 1.1
that ¥ = v, in T,, where v, denotes the solution of (1.11). However, as we observed
above, v, = w for all sufficiently large 7. Thus u = w in T, for all sufficiently large r
and the assertion follows by letting r —» + co.

REMARK 1.4. Let u be a continuous weak solution of (1.1) in S, for some T > 0
and let z be a compact (continuous) weak solution. If u(-,7) = z(-, ) in R? for
some 7 € (0, T) then u =z in R? X [1, T]. To prove this choose R so large that

2Theorem 13 is proved for x € R in [3] but the proof can easily be extended to x € R”.
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supp z C I'z. For r > R + 1 let v, denote the solution of (1.11), where { = {(|x|) is a
C* function such that
1 forO<r<R,
{(r)= {0 forr=R+ 1.
By Propositions 1.1-1.3, for all sufficiently large r,u =w =0, =z in [, and the
assertion follows by letting r — oo. Note that, in particular, u can also be a compact
weak solution.

ReMARK 1.5. The discussion of weak solutions of boundary value problems does
not have to be restricted to cylindrical domains. In particular, the definition of weak
solution, as well as Propositions 1.1 and 1.2, can be extended to smoothly bounded
domains in R? X (0, T']. Moreover, the conclusions of Proposition 1.3 and Remark
1.4 continue to hold in domains of the form X [7, T] with € = R? provided that
the solutions involved are comparable on 9Q X [, T].

2. Monotonicity properties. In this section we consider compact weak solutions u
of the porous medium equation (1.1) which are assumed to be continuous in
§TE R? X [0, T] for some T >0. We show that such solutions behave almost
radially in a sense made precise by the following result.

PROPOSITION 2.1. Let u be a compact weak solution of (1.1) which is continuous in
Sy for some T > 0. If supp u( -,0) C B,(0) then

inf u(x,t)=> max u(x,¢?)
xEB, XEJB,

forallr e R" andt €0, T).

The proof of Proposition 2.1 is based on the following lemma which is a
consequence of the global comparison principle. For x € R? we write x = (y, x,)
where y = (x,,...,x,_,) ERL

LEMMA 2.2. Let u be a compact weak solution of (1.1) which is continuous in §T. If
K =suppu(-,0) is compact and K C {x € R%: x; >0}, then u(y, x,t)=
u(y,—xyt) forally ER x, ERY ,andt €[0, T].

PROOF. Set v(x, t) = u(y, x4, t). Then
v(y,0,7) =u(y,0,¢) forally €eR* 'andt € [0, T],
and
v(y, x4,0) = u(y,-x,4,0) =0 <u(y, x,,0) forally € R*'and x,> 0.

Since u and v are compact continuous weak solutions we can apply Remarks 1.4 and
1.5 to conclude that

u(y,—x 4, t) =v(y, x4 t)<u(y,x;,,1) inR'XRY X [0, T].

ProOF OF ProposiTION 2.1. Fix x° € B, and x! € 0B,,,. Let Il denote the
hyperplane of points in R? which are equidistant from x° and x'. Thus

M= {xeR: (x,x"—x")= (3(x"+x'),x" = x")},
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where ( -, - ) denotes the usual scalar product in RY. It is easy to verify that

1(r+2) +|x°P >(r+2)

4L, =3 |x%— x'| 4(r+1) =1

Therefore x0 and supp u(-,0) are in the same half-space with respect to II.
Moreover, x' is the reflection of x in I1. Thus by Lemma 2.2, u(x° t) = u(x', 1),
and the assertion follows since x° € B, and x' € 9B, , , are arbitrary.

3. A Harnack-type estimate. In this section we prove a weak Harnack-type
estimate for solutions of the porous medium equation (1.1). Specifically, we estimate
the mass initially contained in a ball in terms of the radius of the ball and the
density at the center of the ball at some later time. For convenience in stating the
result we define k = d(m — 1) + 2.

THEOREM 3.1. Let u be a solution of the porous medium equation (1.1) which is
continuous in Sy for some T > 0. There exists a constant C = C(d, m) € R* such that
for any £ € RY,

(3.1) [ u(x,0)dx < C{r/ T/ D 4 T2 T
B(§)

A

For any a € R",
U(x,t) = a|x|2/""")(] — t/T*)—'/(”'"”

is a continuous solution of (1.1) in S, for any T < T* = (m — 1)/2m(m + 1)a™ .
Let w, denote the surface area of the unit ball in R?. Then

U(x,0)d k/(m—1) — m— 1 em=h k/(m—1)
'/;,(0) (x,0) dx = aw,r = w, Py — l)T*} r s

and it follows that the estimate (3.1) is sharp in this case.
Theorem 3.1 is an almost immediate consequence of the following result, which is

of some independent interest.

PROPOSITION 3.2. Let u be a continuous weak solution of (1.1) in .S_'l and set

M= u(x,0)d
“fro
There exist constants M, = My(d, m) € R* and E = E(d, m) € R* such that
u(0,1) = EM?/*

provided that M > M,,.

In the proof of Proposition 3.2 we make extensive use of the explicit form of the
Barenblatt-Pattle [5] solution of (1.1),

B(x,t) = t‘d/"{(l _ Fr2t‘2/")1/('"_')}+ ’
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where F = (m — 1)/2mx and r =|x|. The total mass G = G(d, m) € R* carried
by B is given by

G E_/I;JB(X, t) dx.

For any p € R™ define
u(x, 1) =p 2" OB(px, 1).

It is easy to verify that u, is a solution of (1.1). Moreover,

— y~2/(m—=1) — -k /(m—1)
j;du#(x,t)dx m fRdB(ux,t)dx n G.

Note that supp u,(-,1) = EI /Fu(0). Thus the lower bound on M in the statement of
Proposition 3.2 is essential.
PROOF OF PROPOSITION 3.2. If we choose p = (2G/M )"~ /% then

M
(3.2) /];duﬂ(x, t)dx = > -

Moreover, if we take t, = (4/F p), then
supp u, (-, 1y) = B,(0).
Note that with these choices of p and ¢,
/o sars = (4F ) M/2G,
so that
u(x,15) ~M forx € B;(0).
Moreover, M large implies that both p and ¢, are small.
Assume temporarily that u is a compact weak solution with
(3.3) supp u(-,0) C B,(0).

Recall that, by hypothesis, u( -, 0) is continuous.
Given 6 > 0 we can choose r(¢) such that

u,(x,t+15) = 8u,(0,1+ 1)
for x € 0B,,,), that is, we choose
r(1) = (1= 8"t +10)" " /uF' /2.
In view of our choice of p and ¢,
r(0) = 4(1 — 871",

Thus we can fix § so that 3 < r(0) < 4. Since supp u(-,0) C B,(0) C B;(0), it follows
that u(x, t) <u/(x,t+1,) for x € 9B, ,) and ¢t >0 sufficiently small. We now
distinguish two cases.

Case 1. There existsa ¢, € (0,1) and an x' € dB,,,, such that

u(x', ) = u,(x', 1, +1,) = 8u, (0,1, + 1,).
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Let p(t) = r(¢t) — 2. By Proposition 2.1,

inf u(-, 1) = maxu(-,t)
(1)) an(!])

so that, in particular,

;nf u(-, 1) = u(x', 1) = 8u, (0, 1, + 1g).

(1))

Choose L = L(d, m) € R™ so large that
supp u, (-, 1, +15) = L' supp u,(-, 1, +1,) C B,

and L‘*~1Y/2 = §-! Then

maxu,, (-, 1, +1,) = L2, (0,1, + 1,) <8u,(0,1, + 1) < inf u(-, 1))

o(r1) o))

and

u, (x, 1, + 1) =0<u(x,1,) forx € R‘\B,,,.
Thus it follows from Remark 1.4 that u(x,t) = u,(x, 1+ t5) in RY X [t,,1]. In
particular,

w(0,1) = u, (0,1 + 15) = (Lp)™" " (1 + 1)

> d=2)/xG-2/x] -2/ (m=Vpg2 /%
Case 2. Suppose that u < u, on 0B, for all € [0, 1). Since
u,(x,1,)=0=u(x,0) for|x|>r(0)>3,
it follows from Remarks 1.4 and 1.5 that
u(x, t+ 1) =ulx,t) in{(x,1):|x[=r(1),0<t<1}.

Thus, in view of (3.2) we have

1
M < Ldu(x,O) dx = j;du(x, 5) dx

:/ u(x,%)dx+j;d\B’(l/z)u(x,%)de/

B.1 /2 B2

1 M
u( X, 5) dx + 5>
so that
1 M
(3.4) u(x,—)dx>—.
By 2 2
We now distinguish two subcases.
Case 2a. There exists an x € R\ B, such that u(x, }) = yM?/*, where y will be
specified below. By Proposition 2.1,
(3.5) u(0,1) = yM>/~.
It is shown in [2] that there exists a constant H = H(d, m) € R such that
tu, = —Hu. Consequently, (3.5) implies

u(0,1) = u(O, %)e—Hlog2 > ye Hlog2pg2/x,
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Case 2b. For all x € R\ B;, u(x, }) < yM?*/*. Then in view of the choice of p, ,
and r(¢), there exists a constant J = J(d, m) € R* such that
1

x, %) dx<yM2/"%r"(—) =vJM.

(3.6) :

u(
B, 5\ B3

In particular, take y = J /4. Then since u, > u in R? \ B, 2, it follows from (3.2)
and (3.6) that

M< u(x,-;—)de{ +f +/ }u(x,%)dx
R’ B, B, ,2\ Bs R\ B,

1 IM
</Bu(x,§)dx+ T,

3

so that

By Holder’s inequality

1)
u™l x, =) dx=KM"™
fe(es

3

for some K = K(d, m) € R*. According to Lemma 2.3 of [6] there are constants
N = N(d,m) € R* and P = P(d, m) € R" such that ¥™(0,1) = NM™ provided
that KM™ > P. This will be the case if M > M, = (P/K)'/™. Finally, since
M > M, and k > 2 we have
u(0,1) = NV/"M}~2/*M?/*,
To complete the proof of Proposition 3.2 we must remove the assumption (3.3).
For » € (0, 1) let y,(r) be a monotone C*(R™") function such that

_ |1 forO<sr<wv,
‘P"(’)_{o forr=1.

Let w, denote the solution of the initial value problem (1.9) on §r with initial values
w,(-,0) = Y,u(-,0). For all sufficiently large v < 1,

M= [ y(x)ulx,0)dx > M,.
B,(0)
Thus it follows from Proposition 1.3 and what we have proved under assumption
(3.3) that
u(0,1) = w,(0,1) = EM2/*.

Since E is independent of » the assertion follows by letting » 1 1.
PrROOF OF THEOREM 3.1. For fixed r € R* define

u*(x,t) = r2/m=DTVm=Dy(xr, ¢T).
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It is easy to verify that u* is a continuous weak solution of (1.1) in S,. In order to
prove (3.1) it suffices to show that there exists a constant C = C(d, m) € R* such
that

(3.7) [ wr(x,00dx < 1+ (ur(£,1))77].
B\($)
Without loss of generality we can assume that £ is the origin. If
f u*(x,0) dx = M* > M,),
B,(0)

then, according to Proposition 3.2, there is a constant E = E(d, m) € R™ such that
u*(0,1) = E(M*)*".
Thus

u*(x,0) dx < E*/2(u*(0,1)}*
B(0)

so that (3.7) holds in this case. On the other hand, if

f u*(x,0) dx < M,
B,(0)
then (3.7) holds for any C = M,,. Therefore, in particular (3.7) holds in all cases if we
take C = max{M,, E*/?}.

4. The main result. In this section we prove our main result: every continous weak
solution of the porous medium equation in S, has a unique trace on ¢t = 0. The
existence of the trace is an almost immediate consequence of Theorem 3.1. Most of
this section is devoted to proving uniqueness.

THEOREM 4.1. Let u be a continuous weak solution of (1.1) in Sy for some T > 0.
There exists a unique nonegative Borel measure p on R? such that

lim [ o(x)u(x, 1) dx = [ o(x)o(dx)

for all test functions ¢ € Cy(R?). Moreover, there exists a constant C = C(d, m) € R*
such that

(4.1) fB O)p(dx) < C{pe/(mm DT/ 4 T4/ 2/2(0, T') )

(
for allr € R* , where xk = d(m — 1) + 2.

PrOOF OF THEOREM 4.1. Existence. By Theorem 3.1, for any ¢ € (0, T),

(4‘2) / u(x’ e) dx < C{rx/(m—l)(T_ e)-l/(m—l) + (T _ e)d/Zux/Z(O, T)},
B,(0)
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where C is independent of e. Thus there exists a sequence {¢,} such that ¢, | 0 and
u( -, g, ) converges weakly to a measure, that is,

Jim [ o(x)u(x, &) dx = [ p(x)p(dx)

for all € Cy(R?). The fact that p satisfies (4.1) is an easy consequence of (4.2).

The measure p whose existence we have just proved may, of course, depend on the
sequence {¢, }. The remainder of this section is devoted to proving that this is not the
case. The main tool in the uniqueness proof is the following result which gives us
some control on how fast material can escape from a given ball.

PROPOSITION 4.2. Let u be a weak solution of (1.1) which is continuous in §r for
some T > 0. If

0<A< u(x,0)dx <w,
B,(0)
then for each ¢ € R there exists 1 = 1(d, e, m, v, T) € R" such that
u(x,t)dx =\
B, (0)

for all t € [0, 7].
The proof of Proposition 4.2 is based on the following elementary lemmas.

LEMMA 4.3. Let u be a compact weak solution of (1.1) which is continuous in §T for
some T > 0. If supp u(-,0) C B\(0) and [gau(x,0)dx < v, then there exists a con-
stant P = P(d) € R" such that u(x,t) <v/Pn*?" " in {Rd\BHn(O)} X [0, T] for
anyn €RT.

PrOOF. For any two points x° and x' in R? let I1(x°, x') denote the hyperplane
consisting of points which are equidistant from x° and x'. According to Lemma 2.2
we have u(x', 1) = u(x°, r) provided that x' and B,(0) lie in the same half-space
with respect to TI(x°, x'). Fix x® € R?\ B, ,,(0) and define S(x°) to be the set of
points x € R¥ such that

0_ < S 1tn/4
| x x|<2 and cos#@ TFq

where 6§ denotes the angle between x° — x and x°. For x € §(x°),

1 1+7/4
0 — 140 _ L o_ T+tw/d _n_
d(I(x° x), {0}) =|x°|cos 5 Ix x|=(1+n) 1+ 2~ L

Thus x € S(x°) implies that x and B (0) are in the same half-space with respect to
II(x° x'). We therefore have the estimate

v= fRd“(X,O) dx = Adu(x, t)dx = L( o)u(x, t) dx =|S(x°)|u(x, 1),
X

and the assertion follows from the observation that | S(x°)|= P(d)n?4~".
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LEMMA 4.4. Let u satisfy the hypothesis of Lemma 4.3. For each € > 0 there exists a
r=1(d, &, m,»,T) € R such that supp u(-,t) C B, (0) for all t € [0, 7].

PROOF. Let u,(x, ¢ + t,) denote the Barenblatt-Pattle solution of (1.1) defined in
the proof of Proposition 3.2. Given ¢ € R* one can verify from the formula for u,
that there exist 7, = ty(d, &, m,»,t) € (0,1] and p = p(d, e, m,»,T) € R" such
that

supp up.(' ’ tO) = §|+e/2(0)

and

min u,(x, 1+ to)‘ > 42471y /peldT!
te[0,T] =1+e/4

where P = P(d) is the constant defined in Lemma 4.3. By hypothesis, u(x,0) = 0 in
R\ B, ,4(0). Therefore,

u(x,0) =0<u,(x,1,) inR\B,,,,0).
Moreover, by Lemma 4.3 and the construction of u,,,
u(x,1) <4 'y/Pe?" ' <u(x,1+1,) ondB,,,,(0) X [0,T].

It follows from Remarks 1.4 and 1.5 that
u(x,t) <u,(x,t+1) in{R'\B,,,,(0)} x[0,T].

Thus the assertion holds for r = 7(d, ¢, m, v, T') defined by
supp uy,(. > T + IO) = El+c(0)'

PrOOF OF PrROPOSITION 4.2. Fix 6 € R* such that

0<A<o< u(x,0)dx <v.
B\(0)

There exist numbers 8, and 8, such that 0 < §, <§, < 1,

f u(x,0)dx =X\, and / u(x,0)dx =o.
Bs (0) B5(0)

Let ¢ be a nonincreasing C*(R* ) function such that

|1 for0<r<3é,
{(r) = 0 forr=4,,

and let w denote the solution of the initial value problem (1.9) with initial function
w(x,0) = §( x u(x,0). Clearly, w( -,0) < u(-,0) in R?, suppw(-,0) C B,(0) and

o= A* Ede(x,O)dx>/

w(x,0)dx = A.
By (0)
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By Proposition 1.3, w<u in S;. According to Lemma 4.4 there exists a 7 =
7(d, &, m,0,T) € R" such that [, o w(x,t)dx =A*forallt € [0, 7]. Therefore

u(x, t)dx=r*=\
Bl+t

forallt € [0, 7].
PROOF OF THEOREM 4.1. Uniqueness. By Theorem 3.1, fort € (0, T/2),

f u(x,t)dx < C(d, m){(2/T)'/('"_” + T4/24%/2(0, T)} _
B,(0)

Since u(x, t) Z 0 we may assume without loss of generality that [ o u(x, 1) dx # 0.
For each s € (0, T/4) and arbitrary small § € R* set

,U.E/ u(x,s)dx — 8.
B\(0)
According to Proposition 4.2 there exists a 7 = 7(d, &, m, », T) € R™ such that

(4.3) f u(x.t+s)dx>f u(x,s)dx — 8
By, (0) B\(0)

for all ¢ which satisfy 0 < ¢t < min(7/4, 7).

Suppose that u converges weakly to a measure p, along the sequence {¢,} and to a
measure p, along a sequence {¢}. Note that (4.1) must hold for both of these
measures so that, in particular, they are regular. For fixed ¢ set s = ¢, and take the
limit of both sides of (4.3) as k — oo. Since u is continuous for ¢ positive we find

/ u(x, 1) dx = p,(B(0)) — 8.
By, (0)

Now set ¢ = ¢, and pass to the limit to get

Pz(B|+e(0)) = pl(Bl(O)) — 4.
However, since ¢ and & are both arbitrary we conclude that p,(B,(0)) = p,(B,(0)).
On the other hand, if we repeat the argument first taking the limit with s = ¢
followed by the limit with ¢ = ¢, we obtain p (B ,(0)) = p,(B,(0)). Therefore

p1(B,(0)) = p,(B,(0)).
By a simple scaling argument, p, and p, must agree on every ball in RY so that
Py = py-
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